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Abstract

In this paper, an anisotropic damage model is established in strain space to describe the behaviour of
geomaterials under compression-dominated stress fields. The research work focuses on rate-independent
and small-deformation behaviour during isothermal processes. It is emphasized that the damage variables
should be defined microstructurally rather than phenomenologically for geomaterials, and a second-order
“fabric tensor” is chosen as the damage variable. Starting from it, a one-parameter damage-dependent
elasticity tensor is deduced based on tensorial algebra and thermodynamic requirements; a fourth-order
damage characteristic tensor, which determines anisotropic damaging, is deduced within the framework of
Rice’s (1971) “normality structure” in Part II of this paper. An equivalent state is developed to exclude the
macroscopic stress/strain explicitly from the relevant constitutive equations. Finally, some numerical results
are worked out to illustrate the mechanical behaviour of this model. © 1998 Elsevier Science Ltd. All rights
reserved.

1. Introduction

Geomaterials (rock, concrete, ...) have complex mechanical behaviour, such as stress-induced
anisotropy, hysteresis, dilatancy, irreversible and strongly path-dependent stress—strain relations,
which is generally associated with the existence of a great deal of micro- and macro-cracks
and their propagation. Continuum damage mechanics (CDM), which employs some continuum
variables to describe the micro-defects, has been an appealing framework for modeling geom-
aterials, see e.g. Ju (1989), Dragon and Mroz (1979), Dragon et al. (1993), Kawamoto et al. (1988),
Zhang (1992) and Stumvoll and Swoboda (1993).

In most of these models, the damage variables are defined through a phenomenological way
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originating from the classical Kachanov’s (1958) damage variable. Although they are often inter-
preted as the net area reduction caused by the distributed microscopic cracks and cavities and
associated with a net stress (see e.g. Lemaitre, 1990), these damage variables are essentially
measures of the damage’s mechanical effects rather than the microstructure. Consider a simple
one-dimensional case. The explanation of net area reduction leads to the concept of net stress
& =(a/1 —w) where w is the damage variable and ¢ is the macroscopical stress. The introduction
of the hypothesis of strain equivalence Lemaitre (1990) further leads to £ = Ey(1 —w) where E
and FE, are the apparent and intrinsic Young’s modulus, respectively. On the other hand, its
equivalent form w = 1—(E/E,) demonstrates the true physical meaning of the damage variable.
Ju (1989) developed the idea to the fullest by taking the elasticity tensor directly as the damage
variable.

Some problems arise in extending the phenomenological damage definition to geomaterials: (1)
Geomaterial stiffness is significantly dependent on the sign of stress/strain. Thus, the phenom-
enological damage variable also becomes stress/strain-dependent, which violates the independent
principle of state variable. (2) The phenomenological damage measure cannot take into account
the geological data of rock materials, which is measurable and provided important parameters for
engineering designs.' (3) The phenomenological damage definition furnishes a simple damage-
elasticity relation (e.g. E = Ey(1 —w)) at the cost of damage evolution laws. Since the phenom-
enological damage definition lacks a definite microscopical meaning, the corresponding damage
evolution law has been the weakest and most arbitrary aspect. (4) The triaxial generalization of
the net stress leads to a nonsymmetric net stress rate tensor, which must further be symmetrized
in some arbitrary ways in order to obtain a practical formulation, see e.g. Murakami (1988).

In general, these problems stems from the fact that the essence of damage is the distributed
micro-defects, and its the mechanical behaviours presents in many aspects and generally there do
not exist one-to-one correspondence between the behaviour and the damage. The relation between
the phenomenological damage definition and the microstructures is not definite and unique but
correlative, and the deviation sometimes becomes significant. In this paper, a second-order fabric
tensor (see e.g. Oda-2, 1983 and Cowin, 1985), which is a geometric measure of material micro-
structure, is chosen as the damage variable. Consider a material sample with the size V° weakened
by n microcracks. The damage tensor can be defined as

1 n
Q= 7o Y rann” (1)
a=1

where r, and n* are the radius and normal vector of the a-th crack.

Based on such a damage tensor, the damage-dependent elasticity tensor cannot be deduced
based on the hypothesis of strain. Some micromechanical attempts have been made to establish
the relation, see e.g. Oda et al. (1984) and Lemaitre (1990). However, their deduced analytic
expressions involve second- and fourth-rank fabric tensors and basically only furnish a linear

'Kawamoto et al. (1988) extended the damage theory to model jointed rock with the damage tensor based on
statistical geological data. However, their efforts failed at the point where the geometrical damage tensor is not
comparable with the classical damage theory.
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approximation with respect to the principal values of the damage tensor. It will further complicate
the expression to take into account crack interaction. Cowin (1985) developed the most general
fabric tensor-dependent elasticity tensor by tensorial algebra, but its expression involves too many
unknown parameters. In this paper, a one-parameter damage-dependent elasticity tensor is deduced
by tensorial algebra and thermodynamic requirements, see eqns (15) and (20), which furnishes a
fourth-order approximation.

In geomaterials, the damaging process is often coupled with plastic flow. Certain special loading
purposes, e.g. hydraulic fracturing, have significant contribution to damage propagation. To
describe such complicated mechanisms, only conjugate-force-based damage evolution laws can
keep a unitary and compact form. As summarized by Chow and Lu (1989), many damage evolution
laws of second damage tensors, e.g. from Chaboche, Lee, Murakami—Ohno, Sidoroff-Cordebois,
etc., can be covered by linear irreversible thermodynamics, Q@ = J: Y where Y is the thermodynamic
force conjugate to the damage tensor and J is a fourth-order damage characteristic tensor. The
characteristic tensor J has lacked of a definite definition due to the phenomenological attribute to
the damage tensor. In Part II of this paper, an analytic expression of J is developed in Rice’s
(1971) normality structure following strictly the definition of the fabric tensor.

It is arguable to apply conjugate-force-based damage evolution laws to geomaterials. As dis-
cussed in Part II, these laws are suitable to a class of materials in which the influence of the
macroscopic stress/strain on each defect appears only through the conjugate forces. In geom-
aterials, the macroscopic stress/strain changes the contact manner (close or open) of crack surfaces
which in turn changes the crack propagation rule quantitatively and qualitatively, so it is difficult
to exclude the macroscopic stress/strain explicitly from damage evolution laws. To overcome the
difficulty and make a practical formulation, some authors simply assume that the driving force
behind the damage propagation is the maximum tensile net stress. Obviously, it is a very coarse
assumption. Damage generally propagates not along the direction of its conjugate force; the
current existing damage also has influence on the direction (mainly through J).? Furthermore, the
conjugate force is much better than the stress to take into account other mechanisms contributing
to damage propagation. In this paper, the conjugate-force-based damage evolution law is used
and the influence of macroscopic stress/strain is reflected implicitly by introducing an equivalent
state.

2. Development of an equivalent state

In this section, an isotropic damage model is formulated in strain space. The constitutive
equations of a damage model mainly consists of two parts : damage elasticity and damage evolution
law. The damage elasticity is the damage-dependent elasticity tensor D which generally takes the
form D = D(€Q, ¢) due to the influence of strain &. In order to avoid a complicated formulation,
the real state of a solid is mapped into an equivalent state on which the constitutive equations with
a simple form like D = D(Q) and Q = J: Y hold true with respect to any strain state.

2The governing principle is that this direction will make the system dissipate maximum energy for a certain damage
growth.
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G : farfield stress; T : collinear concentrated forces;

T : equivalent stress.
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Fig. 1. Schematic frictional crack equivalence.

In geomaterials, the frictional sliding on crack surfaces plays a central role in either inelastic
deformation or cracking. Sliding causes dilatation by opening the crack at asperities and by
inducing local tensile cracking at some angle to the crack. Thus, the shear stress on the crack
becomes the driving force of inelastic deformation and the materials become pressure-sensitive. In
terms of macroscopic constitutive equations, sliding causes deviation from the normality structure,
as pointed out by Rudnicki and Rice (1975).

Frictional crack models have been investigated by many authors, e.g. Nemat-Nasser and Obata
(1988), Kachanov (1982), etc. For local tensile cracking, as shown in Fig. 1(a), the stress intensity
factor of Mode I at crack tips can be computed with very good accuracy by considering an
equivalent crack of length 2/, subjected to a pair of collinear concentrated forces, 7, as well as the
applied overall stress (see e.g. Nemat-Nasser and Obata, 1988), as shown in Fig. 1(b). In this
representation, v denotes the resultant force transmitted across the preexisting crack.

Macroscopically, the states (a) and (c) are characterized by two sets of state variables and
functions, respectively, see Table 1. In this paper, the state (c) is termed the equivalent state ; Q is
termed the effective damage tensor, which corresponds to the equivalent cracks. Obviously, the
fictitious cracks in the equivalent state are always in open state. The equivalent state is subjected
to the effective stress 6 = 6+ % where % is the macroscopic representation of 7, see Fig. 1(c). The
plasticity effects are omitted in the formulation.

Let’s consider the relations between the two states. It is postulated that the strain of the
equivalent state under the effective stress is equal to the strain of the real state under the applied
stress, namely & = & For the equivalent state, the stiffness and damage variable possess the
one-to-one correspondence, i.e. D = D(Q) since Q corresponds to the open equivalent cracks.
Therefore, the elasticity relation of the equivalent state, § = D : g, leads to that of the real state

6=DQ):¢—% ()

The free energy function and the conjugate force of the equivalent state can be defined as
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Table 1
Macroscopic characterization of real and equivalent states

Real state (a) Equivalent state (c) Relations

Strain g g g=c¢
Damage tensor Q () Q=P":Q
Stress o & F=0+%
Elasticity tensor D D D = D)
Free energy ¢ ¢ p=¢=gQ:¢
Conjugate force Y Y Y =Pt :(Y+ge)

S B - op 1 D)

=—¢gDig, Y=——==—¢:—=":¢ 3
¢ 2 Q2 0€2 3)

Since t acts on the equivalent crack as shown in Fig. 1(b), it is reasonable to assume that its
equivalent stress % is parallel to €2, i.e.

T=gQ )
where g is assumed to be a non-negative material constant. Note that, in the real state, the relation
o =(0¢/0¢) also leads to a stress—strain relation which should be consistent with eqn (2). Based on
this point and eqn (4), the free energy function of the real state should be

¢:%8:D(Q):s—gﬁzs:q’3—gﬁ:s &)
2.1. Effective damage tensor

In principle, the effective damage tensor Q should be computed directly using eqn (1) with
respect to the equivalent cracks, but it is difficult to determine the equivalent cracks. Based on the

fact that the equivalent cracks are roughly tensile-strain-oriented, the effective damage tensor is
defined as

3
Q=P":Q wherePi, =010, Q" =Y H()p'p (6)
v=1

where p” and ¢, are the y-th principal normal vector and value, respectively, of strain &. Evidently,
the definition leads to Q;; = Q; = &, = &;. The tensor P™ was termed positive projection tensor by
Ju (1989) and Dragon et al. (1993).

Originally, H(-) was just the Heaviside function H(:) and then the principal tensile strain can be
determined as

3
e" =) H(e)e,p'p =P e 7

v=1

In some cases for geomaterials, the Heaviside function H will overestimate the difference between
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compression and tension. For example, in jointed rock, the joints are not perfectly contact but
with some filling materials or roughness. Here H is defined as

1 ife, >0

Hee) = (1 =M H)+h = {h otherwise ®

where 41(0 < h < 1) is a material constant to reflect the properties of crack contact. In view of eqns
(5) and (6), the conjugate force of the real state is

0 ~
Y = —agzP*:(Y—l—gs) )

which is tensile-strain-oriented.

2.2. Damage evolution law

For the equivalent state, the conjugate-force-based damage evolution law holds true for any
stress state

dQ =diJ:Y (10)
where J = J(Q). The function J(€) is defined in eqns (93) and (84) of Part II of this paper :
3 9
JOQ) =) o <4T‘,+ 4NV>

v=1

) 1 Y )y ) Vv Y )
T, =T} = 1(”?”25,‘14‘”}”} Oy +ningdy+nin oy ) —ninjnin;
N, = N}, = njnjmin;  (no summation for v) (11)

where n* and o, (v = 1, 2, 3) are the principal directions and values, respectively, of damage tensor
Q. The associated damage surface is

F=9-A, 9°=.,Y:3:Y I =max{%, maxd} (12)

where %, is the damage threshold of virgin materials. The damage multiplier is proposed as
- dé — 1
d/l = ﬁ?, dé = |d€,~/-| == de,/ de,»,-, e,»]« == 8”_ géi/-skk (13)
where f > 0 is a material constant.

2.3. Discussion on the equivalent state

The postulate ¢ = & is just Lemaitre’s (1990) hypothesis of strain equivalence that the strain
associated with a damaged state under the applied stress is equivalent to the strain associated with
its undamaged state under the effective stress if replacing the undamaged state with the equivalent
state. One may argue that the undamaged state and its associated net stress can be used to furnish
a much simpler formulation than can the equivalent state. Note that the net stress is not suitable
to describe the anisotropic damaging, as discussed in the first section. It is also a very coarse
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Fig. 2. (a) Schematic dilatancy mechanism; (b) typical stress—strain with residual stress and strain.

concept for anisotropic damage induced elasticity. For example, the simplest symmetric net stress
may be defined as (6,4 ;)/2 which still leads to an unsymmetric elasticity tensor. One elasticity
tensor is symmetric if D,;; = Dy, = Dy = Dy

The preceding formulation on the relations between the real state and the equivalent state is
based on the three hypothesis: & = ¢, T = gQ, @ = P* : Q which all are approximate descriptions
of their physical realities. From a purely mathematical viewpoint, the introduction of the two
parameters /, g is used to adjust the basic relation ¢ = D(Q):&e—gQ to fit the reality. From a
different viewpoint, Dragon (1993) first introduced the term gQ:&* = ¢g€Q: ¢ in his free energy
function to reflect Q-generated residual stress/strain. This term is also important to describe
dilatancy, see Fig. 2.

It should be pointed out that, the main purpose and advantage to develop the conjugate-force-
based damage evolution law and the equivalent state, is not for a simple brittle solid but for
complicated internal dissipative mechanisms and mechanical behaviour. The formulation can be
easily extended to describe the process coupled with plasticity just be choosing an appropriate free
energy function, e.g. ¢ = %(8—3”) :D: %(a—a”) where &’ is the plastic strain. Then the inﬂuq_nce of
plasticity on damaging is reflected implicitly through the corresponding conjugate force Y. The
hydraulic fracturing mechanism can also be accommodated in the framework by this way, see
Swoboda et al. (1995), Swoboda and Yang (1997) and Yang (1996). As usual, the damage’s
influence on plastic flow can be reflected implicitly through another effective stress base on another
equivalent state (undamaged material). In this framework, such an effective stress & = D°: (e —&")
in line with Lemaitre’s (1990) hypothesis of strain equivalence, where D° is the isotropic elasticity
tensor of the virgin material.

3. Damage elasticity

An explicit expression of the damage-dependent elasticity tensor D(€) is developed in this
section. In general, an elasticity tensor is subject to the general principles of continuum mechanics

(see e.g. Malvern, 1969) : (1) symmetry condition requires D,;; = D,y = D,y = Dyy;; (2) material
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symmetry condition requires that D(€2) be an isotropic tensor function; (3) positive definite
condition requires the elastic potential function W = %s,j,-D,:,-k,s,{, is positive-definite as a function of
strain ¢;. The isotropic tensor function D(£2), which satisfies the symmetric condition, takes the
form

Dyjy = A,0;;01+A>(040;+ 00 4)
+ A5 (€0, +Q0,) + A4 (Q0 ;4 €04y + Q0 + Q0
+AsQ Q4+ A (Q;Q,+Q,Q,)
+A47(0;;0,+0,0,) + A5 (040, + 004 + O 40, + 0 ;0,)
+A45(0,;Q,+Q,;0,) +A4,0(0; 2, +Q2;0,+ 0,2, +Q,0,)
+4,10,0,+A4,,(0,0,+0,0,) (14)

where ©; = Q,,Q,,; A,, Ay,..., A}, are functions of invariants of €. According to Cayley—
Hamilton’s theorem, the third- and higher-order terms can be expressed as linear combinations of
linear and quadratic terms. Thus, terms like Q,,0,,, ©,,0,,; disappear in eqn (14), see e.g. Bazant
(1983). Obviously, Murakami (1983), Stumvoll and Swoboda (1993), and Cowin’s (1985)
expressions of the damage elasticity are all special cases of eqn (14).

It is a very complicated problem to impose the positive definite condition on eqn (14). It is
natural to consider such a strong condition to require all terms to be non-negative in any case.
Obviously, the strong condition leads to A; = A, = A; = A, = -+ = 0, which causes significant
loss of generality. Here, the crux is solved by introducing an intermediate second-order tensor @;;
to define the elasticity tensor

D[/'kl = }"q)qu)k/+M((I)ikq)jl+q)ilq)j/c)7 (Dzj = C15U+C2Qij+C3QiQOj (15)

where C,, C, and C; are functions of the invariants of Q,;; A and p are two non-negative constants.
Its expansion is

Dy = CC 40,04+ (040 ;40,0 )]
+ C Co[29,;0,+ 2240, + 11(Q. 0 + Q0 4 + Q.04 +Q,104)]
+ C, Co [2Q, 0, + (€23 Q4+ 2,2
+CC;5[109;:04+ 490, + (0, + O ;0 + © 4.0, + O 0, )]
+ C, G510, 4+ 29,0, 4+ 1(0,Q,+ Q2,0 ,+0,Q, +Q,0 ;)]
+C,C5[10,,0,+ 1(040,+ 0,0 ;)] (16)

which is a complete tensorial polynomial as compared with eqn (14). Then the positive definite
condition requires

1 A
W= 5 SijDzj/kzgkl = E(q)ijg/jj)z + :ugimq)mj(bingnj =0 (17)

Note that ¢, ®,,®,¢, = 0 if ®; is a positive definite tensor. Therefore, a fourth-order positive
definite problem reduced to a second-order one.
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Although not necessarily, the normalized damage variable is convenient to use. Here it is
postulated that
{DO ifQ=0

18
0 ifQ=1I (1)

where I = 6,;and D’ is the isotropic elasticity tensor of the virgin material. Based on this condition,
Aand pin eqn (15) are just Lamé’s constants of virgin material and C,, C,, C; should satisfy

Ci=1 ifQ=0; C,+C,+C;=0 ifQ=1 (19)
If further assuming that C,, C,, C; are material constants and noting the positive definite require-
ment on @, we have

Ci=1 C,=—-k, Cy=—-(1-k), 0<k<]1 (20)
so there is only one independent material constant k. The elasticity tensor defined in eqns (15) and
(20) represents the orthotropic symmetry of elasticity. The so-called ““hypothesis of complementary

energy equivalence”, see e.g. Lee et al. (1985) and Zhang (1992), leads to D = (I1—Q) - D°-(1—-Q),
which is just a special case of eqn (15) for k = 1.

4. Numerical results

Several numerical examples from simple specimens to practical structural analyses, have been
worked out to illustrate the behaviour of the damage model.

4.1. Damage-dependent elasticity tensor

The behaviour of the damage-dependent elasticity tensor D(€) defined in eqn (15) and (6) is
illustrated by one set of uniaxial tests, as shown in Fig. 3. The parallel microcracks in the specimen
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Fig. 3. Normalized apparent Young’s modulus vs the crack direction with the variations (a) k£ and (b) 4.
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Fig. 4. (a) Experimental specimen; (b) apparent Young’s modulus with changing crack direction.
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can be characterized by a damage vector (n;,w), where w = 0.5 and the normal vector n; is
determined by «, the angle between loading direction and the damage vector. The damage vector
corresponds to a damage tensor Q,; = wnn;. Then, eqn (15) is graphed into curves illustrating the
relation between the apparent Young’s modulus along the loading direction and o with different k&
and /. In test (a), we change k but keep & = 1.0 which implies that Q,:, = Q,;. In test (b), we change
h but keep k£ = 1.0, and the results indicate that the Heaviside function (2 = 0.0) overestimates the
compressive effects for geomaterials. The relation between apparent Young’s modulus along the
loading direction and « is also confirmed by the experiment done by Kawamoto et al. (1988), as
shown in Fig. 4.

4.2. Uniaxial and biaxial loading tests

A uniaxial loading process is illustrated in Fig. 5. The material is initially virgin and the
parameters are listed in Table 2. As a proportional loading process, Q, Q. Y, @, ¢ are all coaxial.
Their process curves vs the axial strain are depicted in Fig. 5. The damage propagates mainly along
the lateral direction in which the tensile strain is developed, as suggested by the conjugate force
components Y, and Y,,. The test reflects the typical “splitting” mechanism in geomaterials.

The biaxial loading test with the same parameters is shown in Fig. 6. It indicates that the model
can describe the main deformation characters of geomaterials with few parameters. Using a
conventional orthotropic elasticity model it is difficult to reflect such significant dilatancy.

4.3. Parameter identification

Quite obviously, the parameter identification can only be a trial-and-error procedure. By fitting
the experimental curve of quartzite performed by Bieniawski (1968), one set of parameters is
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Fig. 5. (a) Axial stress and damage variable ; (b) axial stress and conjugate forces under increasing axial strain.

Table 2
Material parameters for uniaxial and
biaxial loading tests

50,000.0 MPa
0.25
0.1
1.0 —
0.3 MPa

700,000.0

50.0 MPa

QTR TS Ty
(=

obtained, as shown in Fig. 7. In order to identify the parameters efficiently, some parameter
sensitivity tests have been done by Yang (1996).

4.4. Structural analysis cases

A 2-D structural analyses case concerns the Koélnbrein arch dam in Austria. There were cracking
accidents near the dam heel, as shown in Fig. 8(a), during the filling of the reservoir in 1978 and
1983, see e.g. Linsbauer et al. (1989). The figures (b) and (c) are the calculation area and mesh,
respectively, with 913 elements and 2700 nodes. The figures from (d)—(f) show the process of
damage propagation during the loading. The figure (g) is the same state as (f) with the vector
representation of the damage tensor. The tendency of the calculation is roughly consistent with
Linsbauer’s (1989) result of linear elastic fracture mechanics.

A 3-D structural analysis has been performed on the Xiaowan arch dam which is under design
and located in the upstream of Mekong River, China, see Fig. 9. It will be the highest arch dam in
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Fig. 7. Parameter identification for quartzite.

the world with the height of 292 metres and a planned installation 4200 MW. The FEM mesh
includes 678 elements and 3366 nodes, as shown in Fig. 10(a). It is illustrated that the damage is
mainly concentrated on the damage heel of the crown cantilever, as shown in Fig. 10(b). The same
structural problem has also been analyzed by Yang (1996) with the contact elements developed by
Swoboda and Lei (1994) but it is difficult to predict the real cracking trajectory due to their fixed
location. Based on the two calculations, it is suggested that some appropriate preventive measures
against cracking should be made to the dam.
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Fig. 8. Kolnbrein Arch Dam analysis: (a) cracking area; (b) calculation area; (c) calculation mesh; (d), (e), (f)
distribution of the maximum principal damage value in the fine mesh area for differfent loading steps; (g) vector
representation of the damage tensor distribution at the last loading step.

5. Conclusion

A microstructural damage variable, e.g. the second-order damage tensor employed in this
paper, furnishes a much more essential characterization of distributed micro-defects than does a
phenomenological damage variable, especially in geomaterials. Starting from it, a one-parameter
damage-dependent elasticity tensor is developed based on tensorial algebra and thermodynamics
requirements ; a conjugate-force-based anisotropic damage evolution law is deduced within the
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Fig. 9. Layout of Xiaowan Hydropower Station and concrete parameters.

(a) (b)
Fig. 10. (a) Displacement along river; (b) maximum damage distribution around the dam heel at the loading step : dead
load + water load.

framework of Rice’s (1971) ““normality structure” (in Part II). Although the deduction is com-
plicated and not straightforward as compared with the deduction based on the concept of net
stress, it turns out a practical formulation with a rigorous basis.

A basic assumption behind the deduction in the constitutive laws of the micro-defects hold true
for any macroscopic stress state. Evidently, the deduced constitutive equations based on the
assumption represent certain ideal materials. In order to extend the deduced constitutive equation
to geomaterials, the real state of geomaterials is mapped into an equivalent state of the ideal
materials. The equivalent state represents current open cracks in terms of microstructure and is
subjected to the effective stress which can be used to simulate “‘splitting cracking”, dilatancy and
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residual strain/stress. The effective stress and equivalent state have a parallel relation with the net
stress and the associated undamaged state. Of the two, however, the latter can only furnish a very
coarse description of anisotropic damage, as indicated in the paper.
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